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Aeroservoelastic Aspects of Wing/Control Surface Planform
Shape Optimization

Eli Livne* and Wei-Lin Li'

University of Washington, Seattle, Washington 98195

Equivalent plate structural modeling and doublet point lifting surface unsteady aerodynamics are used to obtain
analytic sensitivities of aeroelastic and aeroservoelastic response with respect to wing and control surface planform
shape parameters. Rational function approximations for unsteady aerodynamic forces, their shape sensitivities,
and the resulting linear time invariant state space models of aeroservoelastic systems and their shape sensitivities
are examined. The goal is to develop effective and numerically efficient approximation techniques for wing shape
optimization for use with nonlinear programming and approximation concepts as a multidisciplinary optimization
strategy. Effects of structural and unsteady aerodynamic modeling errors are studied. Examination of approxi-
mation accuracy using alternative approximation techniques (and the resulting move limits) provide insight and
experience on the way to realistic wing/control surface shape optimization with active controls and aeroservoelastic

constraints.
Nomenclature

[A(k, M.)] = matrix of aerodynamic influence
coefficients

b = reference semichord

IC] = damping matrix, viscous
damping

(E;] = Roger approximation matrices

e; = elements of Roger approximation
matrices for the i, j term of the
generalized force matrix

[G] = displacement feedback matrix

{H;}, {(3H;)/(0x)}

11

slope and displacements due to
motion in the ith generalized
displacement

{H:} = displacements at the pressure points
due to motion in the ith generalized
displacement

Hi(x,y) = jth generalized displacement, mode

{1}, {(3K")/(0x)}

~

shape

vectors of displacements and slopes
of deformation due to motion in
mode §

J = pure imaginary number, /—1

[K] = stiffness matrix

K. [K.] = kernel function and associated
aerodynamic influence coefficient
matrix

k = reduced frequency

[L] = coefficient matrix for least square
Roger approximation process

[M] = mass matrix

M, = flight Mach number

m = number of aerodynamic boxes

mi, ni = powers of x and y, respectively, for

the ith polynomial term
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= number of lag roots in the Roger
approximation

= number of generalized displacements

= number of reduced frequencies
(excluding k = 0) used for Roger’s
approximation

= Laplace transform variable

= generalized unsteady aerodynamic
forces

= real and imaginary parts of the
generalized aerodynamic force

matrix

= dynamic pressure

= right-hand-side vector in the Roger
approximation equations for a single
element ij of [Q]

= transformation matrix of displacements

and rotations from structural to

aerodynamic points

true airspeed

= maltrices in the aeroservoelastic state

space model, exact

approximated system matrices based

on direct or reciprocal Taylor series

expansions

= coordinates defining control surface
and wing tip locations, Fig. 1

= coordinates of a point on the wing
where displacement is measured for
feedback purposes

= coordinates of the ith downwash point,
3/4 chord of the ith aerodynamic box

in DPM .
= coordinates of the ith pressure point,

1/4 chord on the ith aerodynamic
box in DPM

=/m3 —1

= lag roots in the Roger approximation

= Feedback gain for displacement
feedback

= Euler’s constant

= vector of complex normalized
pressures due to motion in generalized
displacement j

= diagonal matrix of aerodynamic
panel areas

= width of jth aerodynamic strip
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Subscripts and Superscripts

c = control surface rotation degrees of

freedom .
= downwash points

= full order

= gust input

= displacement

pressure points

structural degrees of freedom
geometric angles of attack
adjoint

11

*¥QPw TN

Introduction

HE structural optimization of wings of given planforms subject

to structural constraints as well as constraints on static and
dynamic aeroelastic behavior has been extensively studied in the
last 25 years.'~? Various design oriented modeling techniques have
appeared. Behavior sensitivities for flutter, divergence, and control
effectiveness constraints have been developed. Technology in this
area has matured and has already made an impact on the design of
real airplanes. During the preliminary design of airplanes, however,
changes in wing planform should be allowed, either in the form
of slight variations from a base configuration or as radical changes
leading to different configurations.

The step from sizing type optimization (where the geometry is
preassigned) to shape optimization, involving structural and aero-
dynamic interaction, leads to a major increase in the required com-
putational resources. Challenges in the associated design oriented
structural and aerodynamic modeling, as well as sensitivity anal-
ysis, effective approximations, and the integration of the disci-
plines have not yet been met satisfactorily, and the technology
in this area is still evolving. Considerable progress in the area
of wing shape optimization with static aeroelastic constraints has
been made in recent years. Finite element structural models com-
bined with vortex lattice aerodynamics®> and equivalent plate struc-
tural models combined with aerodynamic strip and lifting surface
theories®’ have been studied. Effective wing shape synthesis with
classical flutter constraints, however, or effective wing shape de-
sign addressing aeroservoelastic interactions are still in their in-
fancy.

Flutter and aeroservoelastic response present a serious chal-
lenge in terms of their demands on computer resources. Major
difficulties arise, stemming from the need to carry out unsteady
aerodynamic load calculations repetitively, generate efficient inte-
grated aeroservoelastic models and evaluate aeroservoelastic sta-
bility and gust response time and again. Still, no integrated wing
synthesis capability is complete without flutter and aeroservoelastic
constraints.®~!! As experience has shown, neglecting to consider
aeroservoelastic interactions early in the design process can lead
to serious problems and costly design fixes later. A research effort
to develop techniques for effective aeroservoelastic optimization
is currently underway but has mostly been limited to preassigned
planforms.!2~13 As airplane design becomes more integrated, and
structures, aerodynamics, and controls more coupled, the need to
include aeroservoelastic constraints in the search for the best plan-
form shape seems to become stronger. Flutter of single surfaces
of varying shapes or due to interference between lifting surfaces, '
stresses due to gusts with and without active load alleviation, and
the best size and location of control surfaces for active control!’~'°
all become important and should be addressed as early as possi-
ble. Currently, in the absence of a realistic 'integrated multidisci-
plinary wing synthesis capability for planform shape as well as
sizing type design variables, the designer has to resort to parametric
studies.?0-2!

Modern structural synthesis and most efforts in the area of
multidisciplinary optimization of complex systems are based on
the nonlinear programming/approximation concepts approach
(NLP/AC).2 If optimization routines communicate directly with
routines that provide high-fidelity objective function and constraint
values for the optimization of complex systems, computational re-
sources become excessive, since computationally expensive analy-

ses have to be performed many times in response to design changes
in the evolving system. In NLP/AC, detailed analysis and behav-
ior sensitivity analysis are carried out only a few times during de-
sign synthesis. These base designs (or reference designs, as they
are sometimes called) are used to construct approximations of the
objective function and constraints, and the optimization is carried
out using these approximations. Since accuracy of the approxima-
tion tends to deteriorate as the design moves away from the base
point, additional constraints are added to each approximate opti-
mization problem in the form of move limits on the design vari-
ables. Thus, efficient behavior sensitivity evaluation and robust ap-
proximations are crucial for effective NLP/AC synthesis. When new
disciplines are brought into the framework of multidisciplinary de-
sign optimization (MDO), sensitivity and accuracy of the approx-
imations should be evaluated before any optimization attempts are
made.

In the structures discipline, derivation of analytic shape sen-
sitivities of mass and stiffness matrices for realistic wing struc-
tures and studies of related approximation concepts were reported
recently.?*?* Both finite element and equivalent plate models were
used. In linearized unsteady aerodynamics—still used for all practi-
cal flutter calculations for airplanes in the subsonic and supersonic
speed regimes—progress has been made in the area of sensitivity
analysis with lifting line and lifting surface theories.>>?® The semi-
analytic method for sensitivity with respect to reduced frequency
and Mach number was investigated with lifting surface aerody-
namics of fixed planforms,? and sensitivities of flutter speed and
frequency with respect to planform changes were developed using
simple aerodynamics.”® None of the works just described, however,
can address planform sensitivity of complex lifting surface config-
urations, where multiple lifting surfaces can be involved, including
control surfaces for active control.

Moreover, when the aeroservoelastic control design problem is
formulated for control system synthesis via methods of modern con-
trol theory, a linear time invariant (LTI) mathematical model of the
integrated structure, aerodynamics, and control system has to be
constructed.? 3! The generalized aerodynamic forces that are usu-
ally evaluated on the imaginary axis of the Laplace plane (for a
set of reduced frequencies covering the frequency range of interest)
have to be approximated using some rational function expansion
in the Laplace variable.>?=3 For integrated aeroservoelastic syn-
thesis, then, sensitivity of these rational function approximations
with respect to planform variations has to be available, and effective
approximations have to be investigated.

In this paper, several issues concerning modeling, sensitivity cal-
culation, and approximation concepts for aeroservoelastic planform
design optimization are discussed. Aeroelastic and aeroservoelas-
tic modeling are reviewed in the context of NLP/AC approach to
optimization. Unsteady aerodynamic sensitivity computation for
general planar lifting surfaces is discussed. Rational function ap-
proximation sensitivity and aeroservoelastic pole sensitivities are
studied leading to examination of the performance of different be-
havior function approximations in the presence of wing and control
surface planform changes.

Shape Sensitivity of Unsteady Aerodynamic Forces using
Finite Elements and Aerodynamic Lattice Methods

Let the Laplace transformed equations of motion (corresponding
to structural degrees of freedom) for an elastic airplane with control
surfaces be partitioned as follows:

{ P 1M1+ pIC,] + [K sl — gp[Qs ()] }as (p))

+{P M) = 4p[ Qs (P ()} = 4p/ UL Qs we (p) (1)

where wg is the gust velocity and all other terms are as defined in the
nomenclature. With ns structural degrees of freedom, all structural
matrices (ss) are of dimension ns X ns. It is assumed, for simplicity,
that there is one control surface (nc = 1). Thus, the matrices indexed
sc are of dimension ns x 1. With a single gust input (nG = 1), the
aerodynamic matrix indexed sG is of dimension ns x 1.
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The structural aeroelastic equations [Eq. (1)] are the basis for
flutter analysis (no controls and no gust input), aeroservoelastic sta-
bility analysis (no gust input), or dynamic response to atmospheric
gusts. They apply to cases where linear structural modeling and
linear unsteady aerodynamics provide adequate representation for
the aeroelastic behavior of deformable aircraft and have been used
successfully for the aeroelastic analysis of airplanes flying in the
subsonic and supersonic flight regimes. When detailed finite ele-
ment structural models are used, the order of the resulting equations
is usually reduced by some form of modal approximation.

If the partitioned full order mass and stiffness matrices are
[ME, ME), [KE, 01, respectively, and the full order displacement
vector is {x}, then they are replaced by generalized stiffness, mass
and a vector of generalized displacements obtained by

{x} = [®l{g) )
and
(K] = [®T)[K]](®] ©))
(M,] = [@"1[M]](®] )
(M,] = [®71[M[] (5)

The matrix [®] contains a subset of the normal modes of the
nominal structure, or normal modes of the modified structure, or a
set of suitable Ritz vectors.>*!

Using any aerodynamic panel or lattice method* the complex
normalized unsteady pressures for simple harmonic motion, due to
motion in a given mode shape j, are found from the aerodynamic
equations

(ap’y _[ohi k.
(A, Moo)l ~{ -~ +th1} ©

where k and M, are the reduced frequency and flight Mach number,
respectively. The vector {Ap’} contains pressures, and the vectors
{h’}, {(3R’)/(0x)} contain displacements and geometric angles of
attack (slopes) at the aerodynamic downwash points. The element
i, j of the generalized aerodynamic force matrix is then obtained
from

Qijk, M) = (W'} [AS]{Ap') 7

where [AS] is a diagonal matrix of element areas, and {h'} is the
vector of modal deflections at the pressure points.

Since the structural mesh and the aerodynamic mesh are usu-
ally different, there is a need to interpolate displacements s and
slopes (8/1) /(dx) from the structural to the aerodynamic points. This
will involve three interpolation operations. From structural nodes to
downwash points,

(W} = [Thal{e’} (®)
oh/ ,
Dkl QN J, j
[ o } [Tealle’} 9
and from structural nodes to pressure points

{h'} = [T, 1’} (10)

where {¢} is a vector of modal displacements.

When an assumed pressure mode method is used for the un-
steady aerodynamic problem,?>-36 similar expressions are obtained?
modified to replace Eq. (10) by a matrix equivalent representing
numerical integration over the surface. The unknown vector in Eq.
(6) is, in this case, a vector of generalized pressures, representing
the contributions of different pressure modes to the overall pressure
distribution.

Examination of Egs. (2-10) reveals the effects of planform
changes on the sequence of computational operations. Downwash
[on the right-hand side of Eq. (6)] is changing because of the change

in structural mode shapes (as a result of the changing mass and
stiffness of the wing). When a rigid control surface rotation mode
is considered, then, with changes in the shape of the control sur-
face, downwash due to motion in this mode will change too. The
influence coefficient matrix [A(k, M)] is changing with the wing
geometry and the resulting change in distances between receiving
and sending points. The interpolation matrices in Egs. (8~10) have
to reflect new positions of grid or collocation points on the wing.
In the integration for generalized force in Eq. (10), the panel ar-
eas and the interpolation matrix also change with variations of the
planform shape. The coupling between the aerodynamic problem
and the structural order reduction problem is also evident. In the
context of planform shape optimization, there is still very little ex-
perience with the kind of modes to be used and whether to allow
them to vary or to keep them fixed as the structure evolves during
optimization.?

Shape Sensitivity of Unsteady Aerodynamic Forces
using Equivalent Plate Structural Models and
Aerodynamic Lattice Methods

A focus of this study is on issues of unsteady aerodynamic
load variation with planform shape. To do this, it is desirable to
find a structural modeling technique where problems of model-
order reduction and structural-to-aerodynamic mesh interpolation
can be bypassed and left for subsequent studies. The equivalent
plate method offers such an opportunity. Using the equivalent plate
approach for wing structural modeling,’=* it is possible to study
effects of planform changes using full-order models. The method
is based on Rayleigh-Ritz approximation using a set of admissible
global displacement functions. Since reasonable accuracy can be
obtained with 2040 such functions, modal reduction, although still
useful, is not necessary, and full order solutions can be obtained.
With continuous Ritz functions defined over wing trapezoidal sec-
tions (Fig. 1), the problem of interpolation from structural points
to aerodynamic downwash points (as present with the finite ele-
ment method) is avoided, since displacements /(x, y) and slopes
(8h)/(8x) can be easily found wherever necessary.

When an equivalent plate structural formulation is combined with
a lattice-type unsteady aerodynamic method, the generalized forces
and their shape sensitivities are obtained as follows. Let the Laplace
transformed vertical displacement of a particular lifting surface be
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Fig. 1 Wing/control surface planform geometry and typical aerody-
namic mesh.
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expressed as
Ny

Hi(x,y) - q(p) + Hc(x, y)q.(p) (11)
=1

hix,y, p) =

where H;(x, y) is the ith generalized displacement (Ritz function).
In the context of polynomial based equivalent plate lifting surface
modeling, those Ritz functions are of the form

I-L(x, y) —_ xmi . yni (12)

where mi and ni are powers of x and y, respectively, for the ith
polynomial term. In matrix form, focusing on structural degrees of
freedom,

hx,y, p) = [Hix, .. Hy, e}y (13)

and the vector of displacement at any array of aerodynamic down-
wash points over the wing can be obtained by

AN Hyy(x1, y1)
{h}: {q} (14)
L H, (-xnn ym) HNq (xnn y'n)
- 0H, aH
() Y (1, 1)
oh ox dx
)] P T s
* dH, 8Hy,
_(-xms ym) e (xlm ym)
— Ox ox

The vectors containing slopes and displacements at the downwash
points due to motion in the /th Ritz function are given by

0H;
oH W(Xh)’l)
I
ox aH‘( )
. W Y
dx %
and
Hi(xy, y1)
Hy=1 - )
Hi (-xm ’ ym)

A vector of displacements at the pressure points due to motion in
the ith Ritz function is given by

H;i (X1, 1)
{H;} = (18)
Hi (imv 57171)

When Eq. (6) is solved for the pressures at the pressure points

Ap’ (31, 1)
. 0H; N
{ap’} = =(87T)[A]"‘{{3—]}+j£{Hj}}
R X b
Ap? K, Ym)
(19)
Then, the generalized aerodynamic forces are
Qi = {H)"1AS){Ap') (20)
leading to
Qi _ gy o [ sk
G {H;} [AS][A] {{ o [T/} @2n

Now either an adjoint method or a direct method can be used to
obtain the generalized forces. For the adjoint method, a new vector
is defined as

() = (H) 1ASIAT 22)

In this case the generalized aerodynamic forces are given by

0y _ W f[OH) ko)
FI L F T R

where {7} is the solution of

[AY{n;} = [ASI{H}} (24)

Sensitivity with respect to a planform shape design variable (DV)
can now be obtained using the adjoint method as follows:

8{n;} o{H;}  d[AS] o DAl
Al* = 01— )
[A] 3DV [AS] 2DV DV {H:} DV n} @25
so that
1 8Qy o{m)* | JoH; | | -k
@ v — ooy || ax | T
+{n,}*8 oM, | | °k{H aDV 26
7 i jb it (26)
When the direct method is used, Eq. (6) is differentiated first to yield
1 {Ap’
1oa {Ap’)
8 aDV
9 8H, -k 1 a[4]. .
= — ——— e H — — —— J
aDv{{ ox } e f}} AR @n
which can be solved for (3{Ap’})/(8DV). Then (Eq. 20),
0Q;  A(H)T ; - 9 .
= ASKAp A — j
3DV 3DV {ASKap’} + {H) aDV{[AS]{AP 1 @28

Note that when sensitivities with respect to reduced frequency or
Mach number are sought (no planform shape changes) the vector
derivatives

d{H,) alAS] 8{{(aH ;)/(9x)}} o{{H,}}
ok ak ak ’ ok
are all zero. Therefore, in this case, using the adjoint method
{n,} AT
AP = = — . 2
[A] Y o {m;} (29

leading to

1 90 o{n;}" oH; -k % 1
—— = {{”&L}"_]B{Hj}}"*'{ni} JH;}5 (G0)

8 dk ok

For generalized aerodynamic terms involving rigid control sur-
face rotations, the computation is identical, except that the displace-
ment field described by {H;} now contains displacements patterns
where the control surface rotates about its hinge and the rest of the
wing does not move.

Aerodynamic Mesh and its Shape Sensitivities

Since the Ritz functions are defined in global x, y axes (Fig. 1)
and are independent of the wing planform, variation of the displace-
ment and slope vectors {H;}, {(3H;)/(dx)}, and {H;} are only due
to changes in position of the downwash and pressure points, as they
move with the changing configuration. This sensitivity is easy to ob-
tain analytically, since it involves derivatives of polynomial terms
with respect to the x and y coordinates at which they are evaluated.
Generally,

a mi  ni s mi=1_ ni axi s omioni—1 ayi
DV (x, v ) ml(xi yi )BDV +m(x, i )BDV (€2))

The wing planform is divided into trapezoids, as shown in Fig. 1,
and the number of aerodynamic cells in the chordwise and spanwise
direction is preassigned for each trapezoid. Using coordinates of the
vertices of each of the trapezoids as shape design variables, simple,
explicit mathematical expressions are obtained for the position of
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each pressure point or downwash point in terms of these design
variables.
x; = x;(DV) yi = y:(DV) (32)
The sensitivity of {H;}, {(8H;)/(9x)}, and {H;} with respect to
planform shape design variables is then obtained by chain rule dif-
ferentiation.

Analytic Planform Shape Sensitivities with the
Doublet Point Method

Among the unsteady aerodynamics lifting surface methods for
planar wing configurations, the doublet point method (DPM)*!~+3
stands out for its simplicity and ease of implementation. Its accuracy
is similar to that of the doublet lattice method for subsonic flows.
For supersonic flows, it yields flutter results in good correlation with
those obtained by assumed pressure methods or panel methods.** It
can be applied to general planar configurations with multiple lifting
surfaces and control surfaces. Aerodynamic influence coefficients
for Eq. (6) are obtained using explicit formulas. The combination
of applicability to real airplanes and the simplicity of formulation,
made the DPM the method of choice for this exploratory study
of unsteady aerodynamic and aeroservoelastic issues for planform
shape optimization.

Lumping element pressures and areas together into element forces
in DPM, leads to generalized force expressions in the forms:

Qij= Z HiiAp ;S = Z H;F; (33)
i=1 1=1
The sensitivity to design parameter DV is
00 ; "~ [ 9H,,; oF; ;
= —=F;+H;—= 34
9DV ; { gDV T gDy S

where the force on element / due to motion in generalized displace-
ment j is F;; = Ap; ;. In our calculation, the vector {F;} and its
derivative {(3F ;)/(9DV)} are obtained as follows,

The lifting surface integral equation relating downwash at point
i to pressures on panel j of the aerodynamic mesh is discretized.
For some downwash distribution {w} and the corresponding aero-
dynamic forces {F} (the double-index notation is now dropped in
favor of a single-index notation denoting points on the wing),

m

1
W= o Z; Kolxi =&,y —nj bk, MoclF; (39
=
where the kernel function is given by

M JkX
Ko (k0. Yo, ks Moo) =e’“°{ S+ Bk, v, X>} (36)

R/ X?*+ ¥
where
xo = f—;ji yo= 21 (37)
R =/x3+ B2y} (38)
X = (xo — MxR) /8 (39)
The function B is given by
X pikv
B(k,yo,X)Z/:dev (40)

References 41 and 42 provide an expansion series formulation
for calculating the real and imaginary parts of the B integral

B(k, yo, X) = Bg(k, yo, X) + jBi(k, yo, X) @1)

The discretized equations [Eq. (35)] can be differentiated

1 < fak., arF; dw;
—_ Fi+K,—-1=_""2
8 2 { AR 8DV] aDV “2

j=1

Now, the mesh deforms with the changing planform, and so the
downwash at point (x;, ;) changes too
dw; ow; 0x;

ow; 0Oy,
aDV ~ ax; DV

3y; oDV “43)

The derivative of the kernel term is determined by following changes

in the relative positions of sending and receiving points
K, 0K, dxo 8K, By
DV ~ 8xy 0DV dy, 4DV

(44)

The expansion in Refs. 41 and 42 for B(k, y,, X) is used to obtain
(0K, )/(0x0) and (0K,.)/(dy) explicitly. The force sensitivities
0(F;)/(0DV) are then found from

dF dw IK.,
[Ker]{m}—gﬂ{a—Dg}“[aDv]{F} (45)

It should be noted that the function Bg(k, yo, X) has a yy 2 singu-
larity as yo —> O and X > 0. After some involved derivation in Ref.
41, to handle sending boxes which are ahead of receiving boxes on
the same strip, Br(k, yo, X) is replaced by

m? ko; 3
Kl In— -
607 (n 2 7 2)

—Bg(k,0,-X) —

for (o <0;, X > 0)

where o is the half-width of the jth box. To improve the calculation
results for wings with nonuniform strip distribution, Ref. 43 replaces
the integral /; = —7%/607 with I; = —(S; + 5,)/20; where

20

=3 2%
k=j+1 (ch - ch) (46)
&N 20, 2 20
=2 ¥ z
k=1 (yk(. - ))jc) k=1 (ykc - )’jc)

and y;, and y,_are y coordinates of the centers of jth and kth strip.
The widths of strips beyond the wing tip is assumed equal to that
of the last strip on the wing. When there are span variations, as the
planform changes shape, care must be taken to take into account
the changing widths of the aerodynamic strips and link them to the
shape design variables by chain rule differentiation. The sensitivities
of the expressions §; and S; can thus be obtained.

Rational Function Approximations

To model aeroservoelastic systems by linear time invariant state
space models, the unsteady generalized loads (which are usually
evaluated along the imaginary axis in the Laplace plane for a num-
ber of reduced frequencies) have to be approximated by some form
of rational function expansion in the Laplace variable p. Several
techniques are available for this purpose. The most efficient of them,
in terms of the resulting size of the problem (the number of aerody-
namic states added) is the minimum state (MS) approach of Refs. 31
and 33. Another element that contributes to the accuracy of the MS
method is the physical weighting used, in which weights are as-
signed to different terms in the generalized aerodynamic force ma-
trix. These weights are determined by examination of the aeroelastic
behavior of the open-loop system with its known mass and stiffness
distributions.

When it comes to planform shape optimization, where major
changes in the planform may occur, two problems arise with the
MS method. First, to obtain the MS approximants, an iterative time
consuming computation is required. Having to repeat such compu-
tations several times in the course of NLP/AC optimization may be
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impractical. The iterative nature of the process also makes it diffi-
cult to calculate shape sensitivities of the resulting approximants.
In addition, having to use physical weighting for a system whose
dynamic characteristics are not known in advance, and are changing
continuously, is also a challenge.

Research is currently directed at resolving these problems. For
the current study, however, the Roger approximation method®? is
selected, because of its simplicity and ease of obtaining analytic
sensitivities with respect to planform shape variables. The Roger
approximation is of the form

[QU ] ~ [Eol+(OLE 1+(K) [EzH-Z [Ei2] (47)

]

where the matrices { E;] and the lag terms f§; are real. The approxi-
mation is forced to match the exact data at k = 0. Separating to real
and imaginary parts

my

Re[Q(jk)] ~ [Eo) — kZ[E2]+Zk2 s 5[Ei2]  (48)
1

my,

Im[Q(jK)] ~ k[E\] + Z 5(Eis2] (49)

k2+ﬁ,

The approximation is carried out in a least square manner term
by term to determine elements of the [E;] matrices. The lag roots
B are the same for all elements of the generalized aerodynamic
matrix. They can be optimized, but this will just add to the compu-
tational cost of overall aeroservoelastic shape optimization, and is
not considered necessary at this stage.

Focusing on the element /, j of the aerodynamic matrix and its
Roger matrices elements €0, el, e2, ..., we have for that element
evaluated at nk + 1 reduced frequencies (including £ = 0)

[0 gy KT
L A P TS
k181 e
1 - e
g (k12 4+ B1%) e
oy k2 €
0 *2) (k22 4 81%)
R k281
(k22 1 B12)
Qrijk1) — Or;€0)
Qri; (kD)
= { Or.ij(k2) — Qri;(0) (50)

Q1. (k2)

This can be written in the form
[LHe} ~ (R}
and for a least square solution

(LT [L]{e} = [LY (R} (51

In Egs. (50) and (51) we can see that the vector {R} on the right-
hand side changes with variations in planform shape, due to changes
in the generalized loads. The matrix [ L] depends only on the lag roots
and the values of reduced frequencies at which unsteady aerody-
namic forces are available. The shape sensitivity of the [ E] matrices
of the Roger approximation, then, are determined term by term from

[ [L]{BDV]_[ ’ {8DV} (52)

Thus, based on the sensitivities of generalized forces, the sen-
sitivities (3[E;])/(3DV), (3[E,])/(3DV), (3[E3])/(ADV), ... are

found. The shape sensitivity of E; is obtained directly from the sen-
sitivity of the steady-state generalized force matrix (k = 0). Note
that if constraints are imposed on the approximation (to force it
to match the real and imaginary parts of the Q;; term exactly at
a second reduced frequency kf, for example) the equations have
to be modified, the matrices [E 1] and [ E2] are eliminated and ex-
pressed in terms of [ E3], [E4], etc., but the equations for sensitivity
of the resulting Roger matrices are of the same form as Eqs. (51)
and (52).

Aeroservoelastic Models and their Planform
Shape Sensitivity

For simplicity we focus on aeroservoelastic stability in this study,
and the gust excitation terms are dropped out. Furthermore, since the
emphasis here is on effects of variation in mass, stiffness, and aero-
dynamic matrices due to planform shape changes, no control system
is modeled. Detailed derivations of the aeroservoelastic equations
in the presence of an active control system can be found elsewhere
(Refs. 29-31). Here we close the loop by a simple deformation
(displacement or angle of attack) feedback control law

= [Gl{gs} (53)

The matrix [G] depends on the location (X, ¥) at which displacement
is measured and a gain I".

q. = Glg;} =T{H(X, y), ..., Hi(%,3),...,.. }{g;} (54)

Using the Roger series to replace the generalized aerodynamic

forces [Qys, Qsc] and the control law [Eq. (53)] to eliminate g,
the following equations are obtained based on Eq. (1):

(M, + MsG1p* g} + [Cys + € Glplgs)

+ [Iesx + IescG]{qs} "'QD[A35s + A3scG]

Xp+3l{qs}—--~=0 (55)
where

[Ms] = [Mis] — g (b2 U)[Axs,] (56)

[Coel = [Co] — qu(b/ U)[Ar) (57)

(Kol = (K] — gplAog) (58)

(M) = [Myc] = gp(6°/ U [Anc] (59)

[Ccl = ~qp(b/ U)Ase] (60)

[Kiel = —qplAosc] (61)

Bi = Bi(U/b) (62)

State variables are now introduced as follows:

1) = {g.) 63)

{x2} = plg,} 64)

%3} = Vs —2—1q.} (65)
p+ B

fx4) = Vao—2—1g.) (66)
p+ B

and so on, depending on the number of lag terms used in the Roger
approximation. The resulting state space equations for the closed
loop system are, then,

plU{x} = [V]{x} 67)
= {x17,x27,x37, %47, ..

where {x}7 .} is the state vector contain-
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ing structural and aerodynamic states. The matrices in Eq. (67) are
given by

[11 0 0 O
0 [My+MGl 0 0
= 68
(U1 0 0 o (68)
0 0 0
and
[Vl=
0 [ 0 0
—[[2” + IexcG] _[én + éscG] \/CI_D[Am + A3SCG] e
0 Vaoll] -AilI] 0
0 . 0

(69)

The effects of structural and aerodynamic changes due to plan-
form shape variations can now be studied. The [U] and [V] ma-
trices are linear in stiffness, mass, and aerodynamic Roger terms.
The control law introduces coupling between structural and aerody-
namic terms. The matrix G depends on planform shape and on the
location of the measurement point on the wing. Thus with planform
changes, this matrix will change too.

By using analytic shape sensitivities of the full-order stiffness
and mass matrices** together with the analytic shape sensitivities of
the Roger matrices [Eq. (52)], and coupled with the easily obtained
analytic sensitivity of the matrix [G][Eq. (54)} when a control law is
present, the sensitivities of [[U] and [V] can be obtained analytically
with respect to planform shape. The sensitivity of aeroservoelastic
poles can now be calculated by

[y _ov .
DV = [({1//) [ABDV aDV]{@})/({«ZJ} [U]{9}):| 79

where X is a pole, and {8} and {3/} are right and left eigenvectors,
respectively.

Aeroservoelastic Pole Approximations

Several approximation technigues for aeroservoelastic poles
should now be considered. Taylor series based approximations in
direct design variables or reciprocal design variables* can be based
on the pole derivatives [Eq. (70)]. If the real and imaginary parts of
the poles are considered

k:a—{—fa) 1)

then their Taylor series approximations can be used in the equation
for the damping ratio

o
{ =~ (72)
Vo? + w?
Alternatively, a Rayleigh quotient approximation (RQA) can be
constructed,**~*® in which the derivatives of the matrices [I/] and
[V]are used

L WV OW)Ie)
{$)7 [0 (DV)1{6)

Direct or reciprocal Taylor series approximations can be used for
the approximate [U] and [V}, assuming that the left and right eigen-
vectors do not change and are fixed at their values at the base
design.

It is important to emphasize, in this context, the computation-
ally intensive nature of computing unsteady aerodynamic forces.
Not only is it time consuming to assemble the influence coefficient
matrix and solve Eq. (6), this has to be done at many reduced fre-
quencies, for the least squares fitting process which will generate
the Roger approximation matrices.

Experience with aeroservoelastic pole approximations to date has
shown that it is necessary to use very narrow move limits because
of the highly nonlinear nature of these poles.'>!4%® A major source

(73)

of error in either the Taylor series approximations or RQAs comes
from the fact that whereas the system matrices are changed, the
eigenproblem is not solved again with the new matrices. Now, in the
case of sizing-type structural design variables and fixed planforms,
the full-order system matrices [U] and [V] are linear in the design
variables. If Taylor series approximations in direct design variables
are used for those matrices, the approximate [U] and [V'] will be
identical to the exact ones. If, then, approximate matrices were used,
but the eigenvalue problem solved completely, the exact eigenvalues
would be recovered.

In the case of planform shape variations, it is tempting to examine
aeroservoelastic poles obtained by full eigenvalue analysis of the
system but with approximated system matrices. Even with relatively
large aeroservoelastic models (say, 60~100 states) still a complete
eigensolution can be quite fast, whereas the number of detailed
computations of the unsteady aerodynamic matrices should be kept
to a minimum. One form of approximation, then, that will be used
here to study effects of errors in mass, stiffness, and aerodynamic
approximations on the errors in aeroservoelastic poles, will involve
full eigenvalue solution of the generalized eigenvalue problem

A0 Nx) = [Vix) (74)

where [U], [V] are approximated system matrices based on either
direct or reciprocal Taylor series expansions.

For effective aeroservoelastic optimization with planform ch-
anges, it is also important to consider using a smaller number of lag
terms in the Roger series (to reduce the resulting size of the aeroser-
voelastic model) and a smaller number of reduced frequencies for
the least square rational function series fitting. Compared with other
sources of error in the approximations used, certain inaccuracies due
to fewer lag terms and fewer reduced frequencies may be tolerated,
and the computational gain, at the same time, can be significant.
Quantitative evaluation of accuracy and efficiency with fewer lag
terms and reduced frequencies is beyond the scope of this article.

Test Case

A fighter-type wing was used for numerical studies. It is an all alu-
minum wing and has, in addition to cover skins, six spars uniformly
distributed chordwise, and 11 ribs uniformly distributed spanwise.
A 3.5%t/c parabolic airfoil was used. The wing has a half-span (Y¢)
of 4.5 m, aroot chord of 4.8 m, and a tip chord of 1.2 m, as shown in
Fig. 1. A small 20% chord control surface is placed between y = 2.4
and y = 3.1 m. Skin thickness over the wing is 0.00509 m, spar and
rib cap areas are 0.00006 m?. Two torsion springs at the right and
left sides of the control surface connect it to the wing box. Their
stiffness coefficient is 10° N-m/rad. The ideal structural weight of
the wing is 403.33 Kg. An additional 403.33 Kg of nonstructural
weight is distributed uniformly over the wing. In addition, an 80-Kg
wing tip pod is simulated by concentrated masses attached to the
wing tip, with a center of mass at 28.75% of the tip chord. Plan-
form variations in the form of span changes (Y, keeping a fixed
tip chord), and leading-edge sweep changes (due to motion of the
forward tip point in the x direction, X rr) were studied, in addition
to changes in size and location of the trailing-edge control surface.

The displacement Ritz series used for structural analysis was a
complete polynomial with terms up to y°. The wing was cantilevered
at the root. When no control surface was present, the generalized
unsteady aerodynamic force matrices were of order 21 x 21. When
the control surface was present, six polynomial terms (a complete
quadratic) were used for control surface deformation in addition to
its rigid rotation with respect to the hinge line. The unsteady aerody-
namic forces were calculated at a Mach number of 0.8, and sea level
standard atmospheric conditions were used in the aeroservoelastic
stability analysis. The DPM mesh used for aerodynamic compu-
tations for the wing with control surface is shown in Fig. 1. For
the wing without control surface, a uniform mesh of 20 x 20 was
used. When Roger approximation were constructed, four lag terms
were used to fit aerodynamic matrices calculated at 15 reduced fre-
quencies covering the range 0—2. No attempt was made to optimize
the lag terms themselves, and they were fixed at 0.5, 1.0, 1.5, and
2.0. All aerodynamic computations were done on a DEC 5000/200
workstation.
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Fig. 3 Accuracy of semianalytic generalized aerodynamic force sen-
tivity with respect to span Yg for the Ritz functions x(¢2) and x2y*(g13),
single precision.
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Results

Both finite difference and semianalytic derivatives can be quite
sensitive to the step size chosen,* and this sensitivity is problem
dependent. With analytic shape sensitivities now available for the
unsteady aerodynamic forces, the accuracy of corresponding finite
difference and semianalytic sensitivity computations, and the effect
of step size, can be assessed. Figure 2 shows the effect of step size on
the finite difference derivative of an element of the unsteady aero-
dynamic force matrix (13 13, corresponding to Ritz function x2y?),
Figure 3 shows the effect of step size on semianalytic derivatives
of two generalized aerodynamic terms, Q5 > (corresponding to Ritz
function x, a pitching motion) and Q)3 ;3 for the wing box. For the
case when the control surface is present, typical semianalytic sen-
sitivities of aerodynamic terms associated with coupling of control
and structural motions (sc) and control dependent terms (cc) are
shown in Fig. 4. In all cases there is a wide range of step sizes that
will lead to good finite difference or semianalytic derivatives. This
is also true for single-precision calculations. It was found that the
single-precision aerodynamic results for the force terms are almost
identical to the double-precision results. Computer storage space
can, then, be reduced without any significant loss in accuracy using
single precision for the current problem, even when finite difference
or semianalytic sensitivities are required. Moreover, the assembly
of the aerodynamic influence coefficient matrix [Eq. (6)] in DPM
is very fast compared with other lifting surface methods. Most of
the computation time is spent on the solution of Eq. (6) when the
number of panels is large. Based on the high reliability of semian-
alytic results, as shown in Figs. 3 and 4, the semianalytic method
with DPM aerodynamics becomes quite attractive.

In Fig. 5, the accuracy of aerodynamic force approximations
based on reference data (Y = 4.5 m) and shape sensitivities at
that base design is examined. Approximate Roger series based on
direct Taylor series extrapolation are shown and compared to exact
data for various configurations, with Y changing from 3.5 mto 5.5
m, the extrapolated values are quite accurate. Different terms of the
unsteady aerodynamic matrix behave in a similar manner, and in
some cases the approximation seems to perform well for relatively
far values of Yg. Overall approximation error’! averaging the fit-
ting errors for all terms over all reduced frequencies are shown in
Fig. 6.

Attention is turned next to etfects of errors in acrodynamic terms
and structural terms on aeroservoelastic pole approximations. The
results shown in Fig. 7 were obtained by full eigenvalue analysis.
Damping ratios for the first bending mode (wing only) are com-
pared for the case where all structural and aerodynamic matrices
are exact, the case where the mass and stiffness matrices are exact

————— Exact Data
Approximation

0.0 0.5

Fig. 5 Direct Taylor series approximation for generalized force Q3,13 with semispan variations.
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Fig.8 Damping ratio approximations for the first bending mode: Tay-
lor series and Rayleigh quotient approximations, wing without control
surface.

although aerodynamic terms are approximated, and the case where
aerodynamic terms are exact and mass and stiffness terms are ap-
proximated. Direct Taylor approximations are shown. As the figure
shows, move limits of only about 5% can be allowed for reasonable
accuracy. Also notice the sensitivity of the approximation to errors in
the mass and stiffness terms. Even with mild shape changes, away
from the base design, the approximated M and K matrices may
lead to large errors in the aeroservoelastic poles, often correlated
with errors in the natural frequencies of the approximated structure.
Taylor series and Rayleigh quotient approximations for the complex
eigenvalues directly (Fig. 8) do not fail away from the base point
(as the approximation in Fig. 7). They, too, are only accurate within
about 5% move limits and do not capture the correct curvature of
the damping ratio curve for this root. Similar results were obtained
for the first bending frequency and for other modes.

When a control surface is activated by a wing tip angle of attack
feedback (with a gain of 2.5), aeroservoelastic poles move when the
control surface shape and position change. Results for the case when
the right-hand side of the control surface moves from y.z = 2.7 to
Yeg = 3.5 mare shownin Fig. 9. Approximations of the damping ra-
tio of atypical pole are based on aerodynamic and structural matrices
and their shape sensitivity at y.g = 3.1 m. Full eigenvalue analysis
with the approximate matrices is used. Again, the limitations due to
mass and stiffness extrapolation errors is evident. In this case, when
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Fig. 9 Damping ratio approximations for the first bending mode, full
eigenvalue analysis, actively controlled wing, direct tip angle-of-attack
feedback.

aerodynamic approximations are used with exact stiffness and mass
matrices, the resulting pole approximation is excellent.

As in the case of aeroservoelastic poles in the presence of an active
control system*® approximation accuracy is problem dependent and
may vary when different design variables are involved. Generally,
current approximation techniques provide satisfactory information
only within small move limits (5% and less) when planform shape
is involved.

Conclusions

Equivalent plate structural modeling and doublet point lifting sur-
face unsteady aerodynamics were used to obtain analytic sensitivi-
ties of aeroelastic and aeroservoelastic response with respect to wing
and control surface planform shape parameters. Rational function
approximations for unsteady aerodynamic forces, their shape sen-
sitivities, and the resulting linear time invariant state space mod-
els of aeroservoelastic systems and their shape sensitivities were
examined. The goal was to develop effective and numerically ef-
ficient approximation techniques for wing shape optimization for
use with nonlinear programming and approximation concepts as a
multidisciplinary optimization strategy. With analytic shape sensi-
tivities available for unsteady aerodynamic loads, it became possible
to evaluate the accuracy of finite difference and semianalytic aerody-
namic shape sensitivities. It was shown that a wide range of step sizes
could be used for obtaining accurate aerodynamic shape sensitivities
by the semianalytic and finite difference methods, whether single
precision or double precision was used. This is in contrast to the
limited range of acceptable step sizes needed for finite difference or
semianalytic sensitivity computation with structural equivalent plate
models. Effects of structural and unsteady aerodynamic modeling
errors were studied in an examination of approximation accuracy
using alternative approximation techniques. A new approximation
technique for aeroservoelastic poles was presented, in which ap-
proximated system matrices are used, but complete eigenanalysis
is carried out. For this new approximation, as well as Taylor series
based and Rayleigh quotient approximations, it was found that ac-
ceptable accuracy could be obtained only within about 5% move
limits, due to difficulty in approximating the stiffness, mass, and
aerodynamic matrices for large shape variations. These results pro-
vide insight and experience and call for additional research on the
way to realistic wing/control surface shape optimization with active
controls and aeroservoelastic constraints.
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